Summary. Using the method of infinitesimal transformations, a 6-parameter family of exact solutions describing nonlinear sheared flows with a free surface are found. These solutions are a hybrid between the earlier self-propagating simple wave solutions of Freeman, and decaying solutions of Sachdev. Simple wave solutions are also derived via the method of infinitesimal transformations. Incomplete beta functions seem to characterize these (nonlinear) sheared flows in the absence of critical levels.
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1. Introduction. Nonlinear waterwave problems with a free surface present serious analytic difficulties in view of the rather awkward boundary conditions at the surface. Even in the shallow water approximation, exact solutions have been rare. Freeman [1] found a class of exact solutions of free surface flows under the assumption that the flow is a simple or traveling wave in the horizontal direction, the wave speed being given by c ~ (gh)x/2, where h = h(x, t) is the height of the free surface. Freeman's study was followed by Sachdev [2] who found exact time-dependent flows for which the free surface decayed as r~2, in contrast to Freeman's (nondecaying) self-propagating flows in the horizontal direction. These (families of) solutions were found by heuristic and intuitive arguments without the use of systematic group analysis such as in the method of infinitesimal transformations. The solutions of both Freeman and Sachdev were expressed in terms of incomplete beta functions.
In the present paper, we undertake a more systematic approach to discovering new exact solutions of PDE's describing free surface flows under gravity by the method of infinitesimal transformations. Besides finding the new exact solutions, which we presently describe, the technique used here, though standard, is of interest in its own right for two reasons: (i) the system of nonlinear PDE's has three independent variables and therefore k [x + A +(a0/c)(t + B/(l + 1))]" h = 1 (t + B)2
in that it has a traveling wave form as well as explicit time decay. We also find another (singular) 5-parameter class of solutions besides the one just referred to. These solutions, in particular the singular ones, would be difficult to predict by intuitive arguments alone. This was also found to be the case in an earlier study, Sachdev and Reddy [3] , wherein new gas-dynamic solutions describing flows headed by shocks were discovered, and the role of singular solutions (for some special relation among the parameters) was clearly brought out. The simple wave form of the shallow water equations was also subjected to infinitesimal transformations, but this did not lead to any new solutions besides those of Freeman [1], Flowever. an interesting feature of the present study is the method of solution of the nonlinear ODE's that result from self-similar form. Unlike the transformations used by Freeman and Sachdev, we exactly linearize the ODE's through a set of transformations into hypergeometric equations which have incomplete beta functions as their solutions. An important result that emerges from these studies is that all such (exact) free surface flows without critical levels (when they exist) are described by incomplete beta functions, a fact confirmed by another independent study of a related problem by Sachdev and Singh [4] , In Sec. 2, we give the basic shallow water equations and boundary conditions in the form suggested by Blythe et al. [5] , using the so-called sigma variables, as well as the simple wave reduction of the equations where "v and y are Cartesian coordinates measured along and perpendicular to the uniform horizontal bottom, u and v are the associated velocity components and g is the acceleration due to gravity. The hydraulic approximation in the above equations replaces the pressure p in (2.2) by the uniform gravitational pressure. This implies the shallow water approximation H(l/L « 1, where H0 is a characteristic depth and L a typical wavelength. The fluid depth h(x, I) is to be determined such that the following boundary conditions are satisfied. The condition that the pressure is constant on the free surface has been incorporated in the hydraulic approximation p = p0 + g(h -y).
To simplify the boundary conditions, the independent and dependent variables are changed as follows: 3. Invariance group and similarity variables. To identify the similarity form, we use the theory of infinitesimal transformations given originally by Ovsjannikov [6] and expounded more clearly by Bluman and Cole [7] . We employ an abbreviated form the same as in the paper of Logan and Perez [8] . We seek a one-parameter infinitesimal group of transformations which takes the (t, x, z, u,w) space into itself and under which the differential equations (2.6)-(2.7) are invariant: t* = t + £ T, x* = x + e A\ z* = z + <= Z, u* = u -1-<= U, w* = w+(EW, (3.1) where the generators T, X, Z, U, and W are functions of t, x, z, u, and w. We introduce the following notations for convenience. Let x1 = /, x2 = x, x3 = z.
1 _ " ,,2 _ U = W, U = h» and define the derivatives p'i = 9u'/9x7, i = 1,2; j = 1,2,3.
It can be seen that the invariance of the differential equations as formulated by Bluman and Cole [7] is equivalent to the following definition of invariance [8] : a system of differential equations H"(xJ, uk, pi) = 0, n = 1,2, is said to be constantly conformally invariant under the infinitesimal group (3.1) if there exist constants anl («, /' = 1,2) such that LH" = a n = 1,2, Substituting £'p-from (3.3) into (3.4) we get polynomial (equations) in p'. If these solutions are to hold for arbitrary pj, the coefficients of pj must vanish. We thus obtain a system of linear PDE's in the generators T, X, Z, U, and W. This system of equations, often referred to as the determining system, is solved to find the group (3.1). The invariance of (2.6) gives
" hTx = a12, (3.8) h(UH -X.) = 0, (3.9)
h(Wlt -Z.) +{Xhx + Th,) = anh, (3.10) hT. = 0, (3.11) Xh,x + Th" + u( Xh xx + Th u) + Uhx + hUx + hW.
= au(h, + uhx) + anghx. We now solve the determining differential equations above for the transformation group. Differentiating (3.7) with respect to w and (3.10) with respect to u we get a12 = Wuw = 0. Equations (3.18) and (3.17) imply a21 = 0 (h + 0). Differentiating (3.13) with respect to w and using (3.18) and (3.5) we get X = X(x, t). Equations (3.11), (3.8), and (3.5) now imply that T = T(t). Further, Eq. (3.6) gives Uuu = 0. Equations (3.10), (3.12) , and (3.7) give Www = W:w = Wuu = 0 = Wuw. These equations yield W = k(x, t)w + /j(x, z, t)u + m(x, z, t), (3.20) where k, lx, and m are arbitrary functions. Equation (3.19) differentiated with respect to w gives U. = 0, which implies that U = U(t, *, u). Equation (3.15) now gives
where / is an arbitrary function of x and t. Differentiating (3.13) with respect to u and using (3.21) we obtain X= [«22 + 27"(0]* + j8(f), (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) (21) (22) where /S is an arbitrary function of t. The equations obtained by differentiating (3.13) with respect to x and (3.19) with respect to u and using (3.21) and ( From (3.26) we get the following alternatives: (i) 2c = a + au, and therefore, p(t) = a0t + alt (3.27) where aQ and a, are arbitrary constants.
(ii) h= r(0 TX + Mt),
where /31 (t) is an arbitrary funtion of t, but this does not give any new solution.
The invariant surface conditions [7] for u and w are, respectively, T*l + X*» + Z\(3.28)
The characteristic system of (3. where ^ is an arbitrary function of £. By substituting the self-similar (in £ and 77) forms of the solutions (3.33), (3.34) in Eqs. (2.6) and (2.7) we obtain a system of PDE's with two independent variables, £ and tj:
The method of infinitesimal transformation group is again applied to the system of PDE's (3.26) and (3.27) to reduce it to a system of ODE's. For convenience of further analysis we rename |, rj, F, and G as x, z, w, and w respectively. The PDE's (3.36) and (3.37) can now be written as Equations (3.43) and (3.53) give Wu = 0 which, by the use of (3.52), implies p = 0. Equation (3.51) differentiated with respect to w gives U, -0 so that U = U(x, u), and (3.47) differentiated with respect to w yields X, = 0 so that X = X(x). Differentiating (3.47) with respect to w and using (3.42) we get 2Uu = yS22 + A"'(.x) = 2[/?u + X'(x)], from which we get where k{ and k2 are arbitrary constants. Substituting (3.58) in (3.51) and equating to zero the coefficient of u and the terms independent of u, respectively, we get /?u = 0, provided / + -5, and /(/ + 1)6, = gk.k^a.x + -kx). One first integral gives the similarity variable tj. The second integral is F = iP{ ij), (3.64) where P is an arbitrary function of tj. In a similar manner, (3.63) gives G = Q( tj), (3.65) where Q is an arbitrary function of r).
4. Time-dependent solutions. Substituting the self-similar forms (3.64) and (3.65) in (3.36) and (3.37) and using (3.61), we get the following system of ODE's wherein prime denotes differentiation with respect to rj: 6. Results and conclusions. In this paper, we have been able to generate a new class of solutions of nonlinear shallow water equations, describing sheared flow between a horizontal bottom and a free surface. The analysis carried out here vindicates the usefulness of the method of infinitesimal transformations in bringing out the hidden symmetries of the system of nonlinear PDE's and the identification of exact similarity solutions, which would otherwise be difficult to guess. The rather unusual free surface conditions pose special difficulties in the analysis of such problems. The appearance of incomplete /3-function form of solutions describing free surface flows without critical level is noteworthy.
A typical profile of the horizontal velocity both for (4.12) and (5.34) is shown in Fig. 1 . Both the functions (4.12) and (5.34) have the same graph. The self-propagating solution (5.34) as well as the explicitly time-dependent solution (4.12) represent what Barenblatt and Zeldovich [10] term as intermediate asymptotics, "representing behaviour of solution of wider classes of initial, boundary, and mixed problems, i.e., they describe the behaviour of these solutions away from the boundaries of the region of independent variables or, alternatively, in the region where in a sense the solution is no longer dependent on the details of the initial and/or boundary conditions but the system is still far from being in a state of equilibrium". It does not seem possible to show analytically that the present solutions do indeed represent intermediate asymptotics. One may have to solve the initial boundary value problem numerically, as posed by Freeman [6] , for example, to arrive at this conclusion.
It is of some interest to compare the nature of free surface of the explicitly time-dependent solution. where P and Q are constants. The decaying solutions (3.61) and (6.1) are quite similar. However, the distinction between the two physical problems should be clearly recognized. Longuet-Higgins' solutions describe free surface flows in space without gravitational effects and have no horizontal bottom to support. They are obtained by solving the Laplace equation in the velocity potential with Bernoulli's equation connecting the pressure and the velocity potential and the free surface being determined by the condition p = 0. The solutions with (3.61) and (6.1) are local in nature, as they stand, since h is infinitely large far away. 
